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ABSTRACT: A new approach for the evaluation of Earth surface deformation evolution based on an easy and 
effective combination of low baseline DIFSAR interferograms is presented. The proposed solution extends a
least-squares interferogram combination technique already presented in the literature via the application of the 
Singular Value Decomposition (SVD) method and satisfies two key requirements: to increase the “temporal 
sampling rate” by using all the available acquisitions and to retain the areal information relative to the de-
tected deformations, which is a key issue of conventional DIFSAR interferometry. The capability of the pro-
posed approach to follow the dynamics of the detected deformations has been fully demonstrated by using 
data acquired in the time interval 1992-2000 by the European Remote Sensing (ERS) satellites and relative to
the Campi Flegrei area (Italy). 

1 INTRODUCTION

Differential Synthetic Aperture Radar Interferometry 
(DIFSAR) is a relatively new technique that has 
been successfully used for generating large-scale 
surface deformation maps on a dense grid (the dis-
placement field being measured in the radar line of 
sight) and with a centimeter to millimeter accuracy. 
While the DIFSAR approach has been applied sev-
eral times to the analysis of a single deformation 
episode (Massonnet et al., 1993; Massonnet et al.,
1995; Peltzer and Rosen, 1995; Rignot, 1998; Stra-
mondo et al., 1999; Borgia et al., 2000), the interest 
of the scientific community is now progressively 
moving towards the study of the temporal evolution 
of the detected deformations and some results have 
already been presented (Vadon and Sigmundsson, 
1997; Lanari et al., 1998; Tesauro et al., 2000;
Lundgren et al., 2001; Usai, 2000; Berardino et al.,
2001).

An effective way to study the temporal behavior 
of the detected phenomena is the generation of time-
series that allows us to follow the evolution of the 
monitored deformations; to do this, the information 
available from each data pair must be properly re-
lated to those included in the other acquisitions via 
the generation of an appropriate sequence of DIF-
SAR interferograms. A key limitation, in this case, is 
that data pairs used to generate differential interfero-
grams must be acquired from relatively close tracks 

(the spatial separation between orbits is referred to 
as baseline) in order to reduce both spatial decorre-
lation and topography errors. In practical cases, as 
for the ERS-1/2 sensors, the available acquisitions 
are generally distributed in Small Baseline (SB) sub-
sets, separated by large “baselines”; accordingly, 
only one deformation time series for each subset can 
be easily obtained (Lundgren et al., 2001; Usai,
2000). Since these results are typically poorly sam-
pled in time and not linkable to those computed from 
other subsets, the limitation to exploit all the avail-
able acquisitions for the generation of an overall de-
formation time-series is evident. 

Some advances in this field have been recently 
introduced at the expenses of the processed area 
coverage. First of all, it has been demonstrated that 
small manmade features remain very correlated over 
time (Usai and Klees, 1999; Usai, 2000), although 
interferograms over these areas only show point-
wise information. Moreover, a new solution for 
maximizing the number of used acquisitions has 
been proposed and it is referred to as Permanent 
Scatterers (PS) technique (Ferretti et al., 2000; Fer-
retti et al., 2001). This approach implies the genera-
tion, with respect to a common (master) image, of a 
DIFSAR interferogram for each available acquisi-
tion even if the exploited data pair is characterized 
by a large baseline (even larger than the critical 
baseline) and therefore affected by baseline decorre-
lation phenomena. It is evident that, in this case, the 
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use of all the available data acquisitions is accom-
plished, but at the imaged pixel density expenses; 
indeed, only those targets that exhibit sufficiently 
high coherence values, even at large spatial base-
lines (i.e., the PS targets) are considered and their 
density may be, in some cases, rather low; this often 
happens, for instance, in non-urban areas. 

This work proposes a new DIFSAR approach for 
the evaluation of the Earth surface deformation 
evolution; it extends the technique presented by 
Lundgren et al. (2001) and Usai (2001) to the case 
of multiple SB acquisition subsets via an easy and 
effective combination of all the available SB inter-
ferograms. The combination is based on a minimum 
norm criterion of the velocity deformation, easily 
obtained in our case via the application of the Singu-
lar Value Decomposition (SVD) method. The pre-
sented technique satisfies two key requirements: to 
increase the “temporal sampling rate” by using all 
the acquisitions included in the different SB subsets 
and to preserve the capabilities of the system to pro-
vide spatially dense deformation maps, which is a 
key issue of conventional DIFSAR interferometry. 
Clearly, the latter requirement is related to the use of 
small baseline interferograms that limit the baseline 
decorrelation phenomena. We further remark that 
our approach is easily implemented as a post-
processing step applied to the set of DIFSAR inter-
ferograms that may be generated via already avail-
able interferometric data processing tools.  

The proposed combination technique relies on the 
use of unwrapped DIFSAR interferograms, with the 
unwrapping operation implemented via sparse-grid 
approach (Costantini and Rosen, 1999). Moreover, 
in spite of the limited influence of possible errors in 
the removal of the topographic phase contribution, 
an estimate of the topography error is included in 
our processing algorithm to increase its robustness. 
Additionally, an atmospheric phase artifacts filtering 
operation is carried out on the obtained space-time 
deformation measurements following the lines of the 
solution developed for the PS technique; in our case 
the filtering operation takes benefit from the high 
spatial density of the imaged pixels.  

Presented results, obtained on the data acquired in 
the time interval 1992-2000 by the European Re-
mote Sensing (ERS) satellites and relative to the 
Campi Flegrei caldera and to the city of Napoli (It-
aly), demonstrate the capability of the proposed ap-
proach to follow the dynamic of the detected defor-
mations. 

2 PROBLEM FORMULATION 

Let us start our analysis by considering N+1 SAR
images relative to the same area and acquired at the 
ordered times ( )Ntt ,....,0 . We also assume that each 
acquisition may interfere with at least another im-

age; this implies that each SB subset is composed by 
a minimum of two acquisitions. Based on the above 
hypothesis we conclude that the number of possible 
differential interferograms, say M, satisfies the fol-
lowing inequality

1
:

( )1
22

1 +≤≤+
N

N
M

N
  . (1) 

Consider now the generic j-interferogram computed, 
in the pixel of azimuth and range coordinates ( )rx, ,
from the SAR acquisitions at times Bt  and At ; this, 
following the topographic phase component re-
moval, is given by: 
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wherein λ  is the transmitted signal central wave-
length and ( )rxtd B ,,  and ( )rxtd A ,,  are the line of 
sight (LOS) cumulative deformations at times At
and Bt  with respect to the instant 0t , assumed as a 
reference. As a consequence, we have that 

( ) 0,,0 ≡rxtd  and therefore it is natural to identify 
( )rxtd i ,, , with Ni ,..,1= , as the wanted deformation 

time series and to assume ( )rxti ,,φ  as the associated 
phase component, thus ( ) ( ) λπφ /,,4,, rxtdrxt ii ≈ .

A few additional remarks on eq. (2) are in order. 
First of all we note that in the equation the decorre-
lation phenomena have been totally neglected as 
well as possible phase artifacts caused by changes in 
the atmosphere refraction index between the acquisi-
tions and/or due to a non precise removal of the to-
pographic phase component; these assumptions al-
low us to simplify the presented analysis without 
losing the rationale of the discussion and will be re-
moved in the next section.

Moreover, we have also implicitly assumed that 
the phase signal is unwrapped and calibrated with 
respect to one pixel whose deformation is known 
(typically a high coherent pixel located in a non-
deforming zone). A further feature of the proposed 
technique implies a pixel-by-pixel temporal analysis; 
accordingly, the dependence of eq. (2) on the ( )rx,
variables is not explicitly mentioned hereafter. Let: 

( ) ( )[ ]Ntt φφ ,,1

T
K=φφφφ  (3) 

be the vector of the N unknown phase values associ-
ated with the deformation of the considered pixel 
and:     

[ ]Mδφδφ ,,1

T
K=δφδφδφδφ  (4) 

be the vector of the M (known) values of the com-
puted DIFSAR interferograms. Eq. (4) identifies the 
following two index vectors: 

                                                
1 We have implicitly assumed N odd. 
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[ ] [ ]MM ,IE,IE,   IE ,IS,ISIS KK 11 == ; (5) 

corresponding to the acquisition time-indexes asso-
ciated with the image pairs used for the interfero-
gram generation. Note also that we assume the mas-
ter (IE) and slave (IS) images to be chronologically 
ordered, i.e., jj ISIE > Mj ,,1K=∀ . In other words 
we have that: 

( ) ( ) Mjtt
jj ISIEj ,,1 K=∀−= φφδφ . (6) 

Accordingly, the expression (6) defines a system of 
M equations in N unknowns that may be organized 
in the following matrix representation: 

δφδφδφδφφφφφ =A  (7) 

being A an NM ×  matrix where Mj ,,1K=∀  we 
have: ( ) 1, −=jISjA   if 0≠jIS , ( ) 1, +=jIEjA  and 
0 otherwise. For instance, should be 241 φφδφ −=
and 032 φφδφ −= , A would have the following 
form:  

+
+

=

...............

...............

...0100

...101-0

A

 (8) 

Equation (8) highlights that A is an incidence-like 
matrix, directly depending on the set of interfero-
grams generated from the available data. Due to this 
characteristic, if all the acquisitions belong to a sin-
gle SB subset it turns out that NM ≥  and A is an N-
rank matrix. Accordingly, the system of equations 
(7) is a well- ( NM = ) or an over-determined 
( NM > ) system and its solution can be obtained,  
in general, in the LS sense as (Strang, 1988): 

δφδφδφδφφφφφ #ˆ A= ( ) T1T#
AAAA

−=  (9) 

Unfortunately, as pointed out in the previous section, 
the availability of an entire data set belonging to a 
single SB subset is typically uncommon; therefore, 
in order to increase the temporal sampling rate of the 
deformation signal, we must face the case of data 
belonging to different subsets. Clearly, we might 
still refer to the formulation in (7), but it is easily 
recognized that in this case A  exhibits a rank defi-
ciency and therefore AA

T  is a singular matrix in eq. 
(9). For instance, if we assume to face L different SB 
subsets, the rank of A will be N-L+1 and the system 
will have infinite solutions.  

A simple solution for inverting the system in (7) 
is provided by the SVD method (Strang, 1988). This 
allows us to evaluate the pseudo-inverse of the ma-
trix A  which gives the minimum norm LS solution 
of the system of equations (7). 

In particular, by using the “thin SVD decomposi-
tion” (Golub and van Loan, 1996), we decompose 
A as follows: 

T
USVA =  (10) 

where U  is an orthogonal MM ×  matrix whose 
columns, called the left-singular vectors of A , are 
the eigenvectors of T

AA ; V  is an orthogonal 
MN ×  matrix whose columns, the right-singular 

vectors of A , are the eigenvectors of AA
T  and S  is 

the MM ×  matrix whose entries (the singular val-
ues iσ ) are the square root of the corresponding ei-
genvalues of the MM ×  matrix T

AA . Being gener-
ally M>N, M-N eigenvalues are zero; moreover, due 
to the singular nature of A  there are L-1 additional 
null eigenvalues. In summary we have: 

( )0,...0,,.....,diag 11 +−= LNσσS . (11) 

The estimate φφφφ  in the LS sense with minimum norm 
is finally obtained as follows: 
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where iu  and iv  are the column vectors of U  and 
V , respectively. 

This solution is characterized by a minimum 
norm constraint on the phase signal and, accord-
ingly, on the detected deformation, see (2). As a 
consequence, the method forces the solution, in ac-
cordance with the starting equation system (7), to be 
as close to zero as possible. Unfortunately, this solu-
tion method may introduce large discontinuities in 
the cumulative deformations obtained, thus leading 
to a physically meaningless result. 

In order to guarantee a physically sound solution, 
we manipulate the equation system in (7) in such a 
way to replace the unknowns with the mean phase 
velocity between time adjacent acquisitions. Accord-
ingly, the new unknowns become: 

−
−
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== −

1
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 (14) 

and,  in place of (6), we have: 

jk

IE

ISk

kk v)-t(t

j

j

δφ=
−

=
+

1

1 Mj ,,1 K=∀   (15) 

that, organized in a matrix form, finally leads to the 
expression:

φφφφδδδδ=Bv . (16) 

Note that the matrix B is again an NM ×  matrix; 
however, we have now that the generic ( )kj,  ele-
ment will be ( ) kk ttkjB −= +1,  for jj IEkIS ≤≤

Mj ,,1K=∀ , and ( ) 0, =kjB  elsewhere. Of course, 
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in this case the SVD decomposition is applied to the 
matrix B  and the minimum norm constraint for the 
velocity vector v does not imply the presence of 
large discontinuities in the final solution; obviously, 
an additional integration step is necessary to achieve 
the final solution φφφφ .

3 PROCESSING ALGORITHM  

Before going in the details of the algorithm imple-
menting the SVD-based approach discussed in the 
previous section,  it is important to reconsider, in a 
more realistic scenario, the DIFSAR phase expres-
sion in eq. (2); accordingly, let us rewrite the inter-
ferometric signal as follows: 

( ) ( ) ( )

( ) ( )[ ]

( ) ( )[ ]
Mj

nrxtrxt

r

zB
rxtdrxtd

rxtrxtrx

jatmatm
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,,,,
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,,,,,
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∆
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≈−=

⊥

φφ
ϑλ

π
λ
π

φφδφ
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wherein three additional phase components, with re-
spect to eq. (2), are present.  

The first additional term accounts for possible 
phase artifacts caused, within the DIFSAR phase 
generation process, by an error z∆  in the knowledge 
of the scene topography; note that the impact of 
these artifacts depends on the orbit separation com-
ponent jB⊥  (usually referred to as perpendicular 
baseline or simply baseline) as well as on the sensor 
target distance r and on the look angle ϑ . The sec-
ond one accounts for possible atmospheric inho-
mogeneities between the acquisitions at times At  and 

Bt  and it is often referred to as atmospheric phase 
component. Finally, the term jn∆  accounts for 
phase contributions caused by the baseline and tem-
poral decorrelation phenomena and by the thermal 
noise effects.  

In addition to the above, in a real case, only the 
restriction to the ( )ππ− ,  interval of the interfer-
ometric phase (wrapped phase) is directly measur-
able from the registered image pairs; therefore, since 
equation (16) relies on the availability of unwrapped 
signals, a retrieval operation must be carried out on 
the wrapped data. It is important to underline that 
the unwrapping operation is applied to each DIF-
SAR phase pattern but only involves those pixels 
that exhibit an estimated coherence value higher 
than an assumed threshold; this hypothesis allows us 
to exclude the pixels strongly affected by noise that, 
therefore, carry out no significant phase information 
and may have a negative impact on the performance 
of the unwrapping procedure. In particular, we have 
implemented the approach presented in (Costantini 
and Rosen, 1999) which is suitable for such a kind 
of sparsely coherent data. 

After the phase unwrapping, the application of 
the SVD method described in the last section would 
lead to the computation of the unknown velocity 
vector. However, we usually perform a joint estima-
tion of this unknown vector and of the topographic 
error z∆ (see eq. 17) through the SVD inversion of 
the following equation: 
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 (18)  

Even if the need for the estimation of the topog-
raphic factor z∆  in (18) could appear irrelevant due 
the hypothesis of low baseline interferograms, we 
remark that the amplitude of local topographic arti-
facts may significantly exceed the expected DEM 
accuracy, thus causing a remarkable degradation of 
the produced DIFSAR fringes 

Finally, a trivial integration step leads us to the 
measurement of the phase signal ( )rxti ,,φ it∀  with 
i=1,…,N.

However, in view of eq. (17), it is evident that the 
results obtained does not only account for the 
wanted deformation signal ( )rxtd i ,,  but also for the 
decorrelation effects and for possible topographic 
and atmospheric artifacts. 

As far as the decorrelation phenomena are con-
cerned, we remark that they are significantly miti-
gated by the complex multilook operation carried 
out within the DIFSAR interferograms generation 
process and by the coherence-driven pixels selec-
tion; moreover, also the effect of possible topog-
raphic artifacts is drastically reduced following their 
detection based on eq. (18).

On the contrary, the presence of an atmospheric 
phase component represents a critical issue because 
it may significantly reduce the accuracy of the de-
tected deformations and, in some case, completely 
mask them out (Goldstein, 1995; Tarayare and Mas-
sonnet, 1996; Zebker et al., 1997). Therefore, in or-
der to mitigate the effect of these atmospheric arti-
facts, a filtering operation must be performed on the 
output of the SVD-based procedure. In this case the 
applied filtering operation is derived from the PS 
approach (Ferretti et al., 2000; Ferretti et al., 2001) 
which is based on the observation that the atmos-
pheric signal phase component is characterized by a 
high spatial-correlation but exhibits a significantly 
low temporal-correlation.  

Once the atmospheric phase component has been 
evaluated, it is finally subtracted from the estimated 
phase signal; the conversion into a displacement sig-
nal is eventually achieved via the multiplication by 
the correction factor πλ 4/ , see eq. (17). 
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4 RESULTS  

The validation of the presented approach has been 
carried out by using an ERS-1/ERS-2 data set  
composed by 44 acquisitions acquired, from 
08/06/1992 until 28/09/2000, on a descending orbit 
and distributed in three small baseline subsets; the 
70 DIFSAR interferograms used in this study are 
characterized by a (perpendicular) baseline value 
smaller than 130 m. 

The test site, located in southern Italy, includes 
the active caldera of Campi Flegrei and the city of 
Napoli (see Fig. 1 – bottom left). The overall analy-
sis has been carried out on DIFSAR products ob-
tained following a complex multilook operation with 
4 looks in the range direction and 20 in the azimuth 
one; hence, the pixel dimension is about m8085×  in 
azimuth and range directions, respectively; more-
over, the coherence threshold has been fixed to 0.25. 
We remark that the pixel dimensions have been cho-
sen rather large in order to map significantly wide 
areas without drastically expanding the overall 
amount of data; moreover, the large number of com-
plex looks also allows us to reduce the phase noise. 
Figure 1 shows the temporal evolution of the defor-
mation measured in the time interval 06/1992 – 
04/1995, 06/1992 – 12/1997 and 06/1992 – 09/2000, 
respectively. 

The topographic phase component has been re-
moved by using a DEM provided by the Italian 
Army, whose nominal height accuracy is about 10 to 
20 m, and the ERS-1/ERS-2 precise orbit state vec-
tors computed by the Technical University of Delft. 
In this case, despite the expected accuracy, signifi-
cant topography artifacts have been detected, see 
Fig. 2, thus making the refined topography phase 
removal operation a relevant step. Note also that the 
presented approach is applied to pixels exhibiting an 

Figure 2.  False color map of the detected topography errors 
superimposed on the SAR image amplitude of the investigated 
area

Figure 1. Temporal evolution of the deformation measured in the time interval 06/1992 – 04/1995, 06/1992 – 12/1997 and 
06/1992 – 09/2000; The SAR image of the observed area is also included (bottom left) to simplify the identification of deform-
ing zones. Black areas represent zones where no reliable deformation signal is available. 
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estimated coherence value higher than the selected 
threshold in at least 30% of the computed interfero-
grams. This assumption is consistent with the chosen 
strategy of maximizing the spatial information. 

In order to provide an overall picture of the de-
tected deformation, we present in Fig. 3 the false 
color map representing the root mean square (rms)
value of the computed deformation, for each investi-
gated pixel, superimposed on the gray-scale repre-
sentation of the SAR image amplitude. Note that this 
rms representation is visually effective and allows us 
to provide, for each pixel of the investigated area, an 
integral information (with respect to time ) of the de-
tected deformation whose amount becomes more 
significant as we move from green areas (stable 
zones) to red ones (highly deforming zones); obvi-
ously, areas where the measurement accuracy is af-
fected by decorrelation noise have been excluded 
from the false color map. 

Fig. 3 clearly shows that a significant deforma-
tion pattern is present in two areas which can be eas-
ily identified: the largest one, on the left hand side, 

represents the Campi Flegrei caldera while the one 
on the right side, significantly smaller, is located in 
the Vomero zone, a densely populated quarter within 
the city of Napoli. In order to demonstrate the capa-
bility of the proposed approach to follow the tempo-
ral evolution of the detected deformation, some ex-
amples are provided. The point marked by A is 
located in the area of maximum subsidence/uplift of 
the Campi Flegrei caldera and is characterized by a 
rather continuous subsidence phenomenon from 
1992 until the beginning of 2000, when a change of 
the deformation trend occurs resulting in an uplift 
phase. The deformation of the area marked by B was 
originally revealed by DIFSAR techniques (Tesauro 
et al., 2000); however, the presented technique al-
lows us not only to identify the occurring deforma-
tions but also to track their temporal evolution, as 
evident by considering the temporal plot of Fig. 3.  

These results are confirmed by geodetic meas-
urements carried out by the researchers of the 
Osservatorio Vesuviano (OV), which is the institu-
tion in charge of monitoring the deformations occur-
ring in the area. In particular, due to the availability 
of differential GPS measurements performed during 
the uplift crisis

2
 of the year 2000, it was possible to 

perform a comparison between the SAR results and 
the geodetic measurements carried out in March and 
September 2000 in the points indicated by arrows in 
Fig. 4. The results obtained by projecting, in the ra-
dar line of site, the GPS measurement performed in 
the area of maximum deformation (relative to 
Quarto area) gives 4.14 cm of displacement whereas 
the corresponding SAR measurement results in 4.05 
cm; the good agreement between the two different 
types of data is evident.  

Unfortunately, no geodetic measurements were 
available in the Vomero area and therefore no com-
parison was possible. 

                                                
2 These data have a height accuracy of about 1cm (Osservatorio 

Vesuviano, 2000).  

(B)

(A)

Figure 3. False color map of the measured deformation rms superimposed on the SAR image amplitude of the investigated area. 
The temporal evolution of the deformations in the selected points identified by A and B are also shown.  

Figure 4. Deformation map relative to the time interval 
3/2000 – 9/2000. In the area of maximum deformation the 
GPS measures a deformation (projected along the SAR line 
of sight) of 4.14 cm, while we measure 4.05 cm. Both meas-
urements are referred to the Quarto area assumed stable. 

087   614 11-12-2002, 10:14:29



615A new tool for measuring terrain deformation evolution by means of Synthetic Aperture Radar 
interferometry

As a final remark, we note that the presented 
technique has been also successfully applied to study 
the deformations occurring at the Vesuvius volcano 
(Lanari et al., 2002). 

5 CONCLUSIONS  

This paper describes an innovative technique for in-
vestigating surface deformations via the Differential 
Interferometric SAR technique. This approach is 
based on the use of a large number of SAR acquisi-
tion distributed in Small Baseline subsets; it allows 
the easy combination of DIFSAR interferograms 
computed via standard processing techniques and 
computation of a time sequence of the deformation. 

Key features of the proposed techniques are the 
large number of useful SAR data acquisitions, that 
allows to increase of the temporal sampling rate of 
the monitoring, and the high degree of spatial cover-
age over the area of interest, related to the use of 
small baseline interferograms only. 

The technique we present is applied pixel-by-
pixel to all the areas exhibiting a sufficiently high 
coherence degree and  is robust with respect to pos-
sible errors of the Digital Elevation Model used in 
the derivation of the differential interferograms. 
Moreover, the availability of both time and space in-
formation, allows us to effectively remove the at-
mospheric artifacts in the results via a proper space-
time filtering operation. More sophisticated, or even 
optimal, atmospheric filtering techniques could be 
included in the processing algorithm and can be the 
object of further developments.  

Since it is based on a simple inversion of a linear 
model, it is intrinsically plausible to introduce an a-
priory knowledge about the temporal behavior of the 
deformation into the technique. Moreover, an easy 
extension of this model to pixel groups, or even to 
the whole available areas, allows us to benefit from 
the introduction of 3D, space-time, deformation 
models.

As a final remark we underline that the proposed 
technique is not suitable, at the present stage, for de-
tecting local deformations on a small spatial scale as, 
for example, in the case of small buildings suffering 
a structural stress; however, the extension of our ap-
proach to the detection and monitoring of such local 
deformation seems rather simple and preliminary re-
sults on these issues look very promising (Mora et
al., 2002). 
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