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ABSTRACT: The adoption of linear models in GPR prospecting is of interest for the advantages that this en-
sures in terms of effectiveness and numerical efficiency. In fact, a linear model allows taking into considera-
tion electrically wide investigation domains and allows, furthermore, to obtain reliable results about the local-
ization of the buried objects. 
In this paper, we recast the problem as a linear inverse scattering problem in a two-dimensional half-space 
geometry. The linearization is performed about an assumed reference scenario by making use of the Distorted
Born Approximation (DBA).  
Our goal is to give an insight about the role played by the radiating properties of the transmitting antenna and
the effect of the uncertainties on the knowledge of some parameters related to the reference scenario. The sub-
ject is relevant, from an applicative point of view, with regard to inverse scattering algorithms applied to GPR
prospecting, because uncertainties of different natures are always present. In particular, we consider the ef-
fects of uncertainties about the radiation characteristics of the transmitting antennas and about the background
host medium.  

1 INTRODUCTION

Subsurface prospecting by Ground Penetrating Ra-
dar (GPR) is a subject of applicative interest in 
several fields as geophysics, archaeology, monitor-
ing of pollution and so on (Daniels, 1996). 

Usually, a GPR works in time domain, detecting 
electromagnetic echoes reflected from buried in-
homogeneities. By moving a transmitting and a re-
ceiving antenna in a multibistatic configuration, a 
two-dimensional representation of the underground 
scene, given by a radargram, is so obtained 
(Daniels, 1996), wherein the power of the received 
electromagnetic signal vs. the time for each posi-
tion of the transmitting antenna is represented. This 
representation is generally sufficient if the pursued 
goal is only to detect buried objects. However, if 
one aims to get some more information in terms of 
size and localization of the buried objects, it can be 
useful to have at disposal a tomographic image, i.e. 
a spatial map of the dielectric permittivity and/or 
of the electrical conductivity. This is possible by 
adopting solution approaches wherein the problem 
is formulated as an inverse scattering one. 

However, to deal with an inverse scattering 
problem without any approximation entails serious 
mathematical difficulties which, in turn, can make 

the final result unreliable. To cope with this diffi-
culty, it is convenient to assume approximate mod-
els of the electromagnetic scattering. In this paper 
we adopt the linear model provided by the Dis-
torted Born Approximation (DBA) (Chew, 1995). 
Indeed, this allows getting effective reconstruction 
algorithms able to deal with electrically large in-
vestigation domains (which is often the case in 
subsurface prospecting) and to give acceptable re-
sults in terms of localization and size of the recon-
structed objects even in cases wherein the DBA ac-
tually does not hold (Hansen & Johansen, 2000; 
Slaney, Kak & Larsen, 1984).

Still, it is worth outlining that the use of a linear 
model allows exploiting powerful mathematical 
tools, as the Singular Value Decomposition (SVD) 
(Bertero & Boccacci, 1998), able to give a mean-
ingful insight about the spatial variability of the 
class of the retrievable profiles.

However, in order to exploit in a reliable way 
an inverse scattering approach, it is necessary on 
the one hand to investigate the role of the acquisi-
tion modalities in terms of the measurement con-
figuration (Leone & Soldovieri, 2003; Leone, Per-
sico, Liseno & Soldovieri, 2003) and on the other 
to analyse the effect of the uncertainties about the 
knowledge of the reference scenario.
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As far as the first point is concerned, this paper 
is devoted to give an insight about the role of the 
radiating properties of the source on the recon-
struction capabilities of the overall diagnostic pro-
cedure. Then, the effects of a non accurate knowl-
edge of the radiation characteristics of the sources 
and of the characteristics of the soil (dielectric 
permittivity and electrical conductivity) will be 
analyzed. This is of relevant applicative interest 
because, in realistic cases, usually one does not 
have the possibility to know a-priori or to measure 
very accurately these parameters. The paper is or-
ganized as follows: in the next section the formula-
tion of the problem under the DBA is given, in sec-
tion 3 the role of the radiating characteristics of the 
sources are examined, in section 4 the effects of 
the uncertainties of the knowledge of the character-
istics of the soil are examined. Numerical exam-
ples, confirming the previsions of the sections 3 
and 4 are provided in section 5. Conclusions fol-
low.

2 FORMULATION 

The reference scenario is composed of two homo-
geneous half spaces, separated by a planar inter-
face at quote z=0 (fig. 1). The upper half space has 
the characteristics of the free space, whereas the 
lower half space is characterised by a relative di-
electric permittivity bε  and by a conductivity bσ .

The objects are assumed infinitely long along 
the y-axis, embedded in the lower half space and 
located in the priori known investigation domain 

]b2z,z[]a,a[D minmin +×−= . The unknowns of the 
problem are thus the relative dielectric permittivity 

)z,x(rε  and the conductivity )z,x(σ  in the do-
main D. The source is assumed infinitely long and 
invariant along the y-axis; it radiates in a prefixed 
band of frequencies [ ]maxmin ,ωω=Ω and moves at 
the interface z=0 by occupying different positions 

sx  within the observation domain ]x,x[ MM−=Σ .
For each position of the transmitting antenna, the 
field scattered by the buried objects is gathered in 
the observation point  x, belonging to Σ  too.

We assume as unknown of the problem, the 
contrast function: 

eqb

eqbeq )z,x(
)z,x(

ε
ε−ε

=χ  (1) 

where ωσ−εε=ε /)z,x(j)z,x()z,x( 0req  and 
ωσ−εε=ε /j b0beqb . By definition, therefore, the 

contrast is different from zero only inside the in-
vestigation domain D. It is also evident that, in 
general, the contrast depends on the frequency. In 
this paper this dependence is neglected, and in par-
ticular we assume as actual unknown the contrast 
function at the middle frequency in the band Ω .

Under the DBA (Chew, 1995), the relationship 
between the unknown and data is given by 
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Figure 1. the geometry of the problem 

where ),x,x(E ss ω  denotes the scattered field 
measured in the point x at the pulsation ω with the 
transmitting antenna placed in the point sx  (datum 
of the problem). )/(jkk 0bb0s ωεσ−ε=  and 

000k µεω=  are the wavenumbers in the lower 
and upper half space respectively. eG  denotes the 
external Green’s function whereas incE  is the inci-
dent field in the lower half space, i.e. the field  in 
absence of buried objects.  

incE  is given by: 
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where { }s,0iukw 22

ii ∈−= . )u(ET  is the 

plane wave spectrum in air of the assigned source, 

and fully characterises the source except for the ra-

diated power. The Green’s function is given by 
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In conclusion, the scattered field is expressed by 
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where
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Eq. (6) takes into account also for the fact that 
the measurements are taken at the interface z=0. 
Accordingly, the integral kernel of the scattering 
operator is given by 
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From eqs. (6) and (7), we can appreciate that the 
characteristics of the soil modify the integral ker-
nel by means of the functions sw , whereas the ra-
diation properties of the source modifies the kernel 
by means of the spectrum of plane waves ( )uET

1
.

The mathematical relationship (7) is quite involved 
from a mathematical point of view, and so general 
analytical previsions on the effects of the radiating 
properties of the source as well as of  the uncer-
tainties in the knowledge of the characteristics of 
the transmitting antennas and of the soil and are 
difficult to be done. However, some important ef-
fects of the possible uncertainties on the sources 
and on the properties of the soil can be shown by 
assuming simplifying hypotheses and/or by mak-
ing use of further simplifications in the linear 
model.

3 EFFECTS OF THE RADIATING 
CHARACTERISTICS OF THE SOURCES 

In order to give an insight on the effects of the ra-
diating characteristics of the source on the recon-
struction let us note that, by some immediate pas-
sages (Leone & Soldovieri, 2003; Leone, Persico, 
Liseno & Soldovieri, 2003) starting from eq. (5), 
and on condition that the observation domain Σ  is 
infinitely long, it results  

( ) ( ) ( )
( ))u(w(u)w,uuˆ̂

u,ufuEu,uE
ˆ̂

ss

Ts

′+′+χ×

×′=′
 (8) 

where the double hat indicates a double Fourier 
transform, meant with respect to the source sx  and 
the observation point x for the scattered field, and 

1 Rigorously, the plane wave spectrum ( )uET  depends 

itself on the characteristics of the soil, but this dependence is 

neglected here.  

meant with respect to the horizontal abscissa x’ 
and the depth z’ respectively for the contrast. 
However, the Fourier relationship (8) holds on 
condition that the argument )u(w(u)w ss

′+  is real, 
which rigorously restricts the attention only to the 
visible part of the spectrum of the scattered field 
( sku,u ≤′ ) and to the case of a loss-less soil.  

Relying on this spectral algebraic relationship, 
let us turn to consider two extreme cases represen-
tative of a non directive and a directive transmit-
ting antenna. In the ease of a non directive source, 
eq. (8) allows to state that the spectrum of the con-
trast is theoretically retrievable only in a finite do-
main of the spectral plane (η,ζ), where η and ζ are 
the conjugate variables of the horizontal abscissa 
x’ and of the depth z’, respectively (Leone & 
Soldovieri, 2003; Leone, Persico, Liseno & 
Soldovieri, 2003). This finite spectral set is de-
picted in fig. 2, referred as the “larger and white”, 
for a multifrequency case wherein fmin is 200 MHz 
and fmax is 500 MHz and with a relative permittiv-
ity of the soil equal to 9. The radius of the external 
circle is 2ksmax, where the two internal circles have 
radius ksmin.
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Figure 2. The spectral set retrievable with a constant plane 

wave spectrum (the set larger and white), and that retrievable 

with an impulsive plane wave spectrum (the shaded region) 

Let us now turn to consider the effect of ( )uET ,
that acts as a weight on the retrievable part of the 
spectrum of the contrast and let us consider, in par-
ticular, the case of an extremely peaked plane 
wave spectrum ( ( ) ( )uEuE TOT δ= ). In this situa-
tion, at a fixed frequency, eq. (8) reduces to

( ) ( ) ( )
( ))u(wk,uˆ̂

u,0fuEu,uE
ˆ̂

ss

TOs

′+′χ×

×′δ=′
 (9) 

From eq. (9) we can expect to retrieve the spec-
trum of the contrast in the region given by the 
mapping of the segment sku ≤′  in the plane ( )ςη,
by virtue of the transformation 

( )uwk

u

ss
′+=ς

′=η
 (10) 
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It is easily seen that, for the single frequency 
case, eq. (10) describes in the plane ( )ςη,  a half 
circumference of radius sk  centred in the point 
( )sk,0 . Passing to the multifrequency case, the set 
to refer to for a comparison is the trail obtained 
from the half-circumference described of eq. (10) 
while increasing the wavenumber in the soil from 
some minsk  up to some maxsk . This set is depicted 
in fig. 2 (shaded region). So, in fig. 2 we can ap-
preciate the reduction of the available spectral set 
suffered when passing from a constant plane wave 
spectrum (non directive antenna) to an impulsive 
plane wave spectrum (directive antenna). 

In all the above considerations we do not con-
sider the effect of the function )'u,u(f  because it 
is sufficiently smooth (Leone & Soldovieri, 2003). 
In fact, )'u,u(f  does not show any singularity (ex-
cept in the degenerate case of a soil with same 
characteristics of the free space) and is composed 
by a combination of square roots of second degree 
polynomials.  

However, it is important, at this point, to remind 
that the sets of fig. 2 are to be referred to an ideal 
case lossless and with an infinite observation do-
main.  

If more realistic conditions are considered, the 
reduction suffered by the spectral set when passing 
from a non directive case to a more directive case 
is less severe, due to the truncation of the actual 
observation domain which arises a further reduc-
tion of the allowable spectral domain (Leone & 
Soldovieri, 2003). 

To show this fact, let us show the spectral con-
tent of the meaningful singular functions of the lin-
ear scattering operator with two different kinds of 
source. With the term “spectral content”, we mean 
the sum of the Fourier Transforms of the singular 
functions of the linearized scattering operator rela-
tive to the singular values above a fixed threshold. 
The threshold must be chosen based on “the degree 
of regularization” one has to apply in the SVD 
based inversion algorithm. In this paper the rele-
vant threshold is fixed at –20 dB. In order to ex-
press the spectral content by a formula, let us label 
un as the n

th
 singular function in the space of the 

unknowns (Bertero & Boccacci), and let us label N 
as the number of singular values greater than –20 
dB with respect to the maximum singular value. 
Then, the spectral content sp is a function of the 
spectral variables η and ζ, and it is given by 

( ) ( )
=

ςη=ςη
N

n

nusp
1

,ˆ̂,  (11) 

The relevance of this quantity is that it allows a 
visualization of the filtering properties of the op-
erator. In fact, since the solution is given by a lin-
ear combination of the singular functions above the 
chosen threshold the only spatial frequencies that 

can be hopefully (even if not certainly) retrieved 
are those where there is a meaningful spatial con-
tent. The spectral content is shown in fig. 3 in the 
case that the source is a filamentary current (upper 
graph) and in the case that the source is a 2D horn 
(lower graph). The details of this 2D horn will be 
described in the section of the numerical examples. 
Let us outline that, as a matter of fact, the 2D horn 
is a source quite more directive of the filamentary 
current. The frequencies and the dielectric permit-
tivity of the soil involved in fig. 3 are the same as 
those involved in fig. 2. However, the observation 
domain is finite and has an extension of 1.6 m, 
placed over an investigation domain of 1.5 x1.5 m

2

starting at the depth of 20 cm. Moreover, the soil 
has a conductivity of 0.02 S/m too. 

η [m-1]

ζ 
[m

-1
]

SPECTRAL CONTENT FOR A 2D HORN

-80 -60 -40 -20 0 20 40 60 80

-60

-40

-20

0

ζ 
[m

-1
]

SPECTRAL CONTENT FOR A FILAMENTARY CURRENT

-80 -60 -40 -20 0 20 40 60 80

-60

-40

-20

0

Figure 3. The spectral content of the main singular functions. 
Upper graph: a filamentary current, lower graph: a 2D horn. 

From fig. 3, we can appreciate, for both the 
graphs, a low-pass filtering for the spatial varia-
tions along the horizontal direction (parallel to the 
interface). For the filamentary electric current, this 
behaviour is due to the finiteness of the observa-
tion domain (Leone & Soldovieri, 2003). A further 
reduction of the allowable spectral domain arises 
for the horn-like source due to the effect of the 
plane wave spectrum ( )uET , coherently with the 
trend individuated by fig. 2. 

From fig. 3, we can observe that the retrievable 
spatial variations along the direction of the depth 
are essentially related to the adopted band of fre-
quencies rather than to the radiating characteristics 
of the source. In fact, the extent along the 3-axis of 
the set of the retrievable spatial frequencies is al-
most unchanged in the two extreme opposite cases 
considered (or when passing from a filamentary 
current to a 2D horn). The reader can appreciate 
some analogies with the rationale that drives the 
depth resolution in the classical GPR data process-
ing (Daniels, 1996) or even the range resolution in 
the classical SAR data processing (Franceschetti & 
Lanari, 1998). 
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In conclusion, it comes out also the fact that a 
very strong directivity is not a valuable property of 
the adopted antennas if a multiview configuration 
is adopted, because it prevents from the full exploi-
tation of a plurality of independent signals imping-
ing on the same objects. This is expected to influ-
ence mainly the horizontal resolution. This result is 
not immediate. However, the reader can appreciate 
some analogies with the rationale that drives the 
azimuth resolution obtainable in SAR images 
(Franceschetti & Lanari, 1998). 

The considerations exposed up to now have 
been focused on the aspect of the possible loss of 
resolution due to the directive radiation character-
istics of the transmitting antenna.  

Another aspect to be taken into consideration 
concerns the effects of the inaccuracy in the 
knowledge of the plane wave spectrum ( )uET  with 
regard to the localization of the objects. This is 
meaningfully related to the phase of the plane 
wave spectrum. To show this fact, let us refer to 
the simple case of a point-like scattering object, i.e. 
let us consider the case  

( ) ( ) ( )zzxxz,x o −′δ−′δχ=′′χ  (12) 

In this case, eq. (8) becomes 

( ) ( ) ( )
[ ]z)u(w(u)wjxuuj

uufuEuuE

ss

Ts

)()(exp

,,
ˆ̂

0
′++′+×

×′=′
χ
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which provides the relationship 

[ ]
( ) ( ) ( ) ),/(,

ˆ̂

)()(exp

0χuufuEuuE

z)u(w(u)wjxuuj

Ts

ss

′′=

=′++′+
 (14) 

where the exponential term encodes the informa-
tion about the location of the object. 

Now, if we assume an incorrect value of ( )uET

given, for sake of simplicity, by ( ) ))(exp( ujuE errT ϕ ,
after some simple manipulations we obtain an es-
timation of the exponential term given by 

[ ] ))(exp()()(exp ujz)u(w(u)wjxuuj errss ϕ−′++′+
and the presence of the term ))(exp( uj errϕ−  may 
badly affect the localization of the object. The 
above considerations will be numerically con-
firmed in the Section 5. 

4 EFFECTS OF THE CHARACTERISTICS OF 
THE SOIL 

In order to outline some immediate effects of an 
erratic estimation of the characteristic of the soil 
(in particular of the dielectric permittivity) let us 
consider again the particular case of a point-like 
scattering object expressed by eq. (12).

Let us suppose, however, that only an incorrect 
estimation of the dielectric permittivity of the soil 

is available. Then, let us investigate about how, 
due to the incorrect knowledge of the value of the 
permittivity of the soil, the triple 111o z,x,χ  of the 
estimated parameters differs from the triple 

z,x,oχ  of the true parameters. First of all, the de-
pendence on the horizontal position of the point-
like scatterer is contained in the factor 

( )( )xuujexp ′+− , independent from the permittiv-
ity of the soil. Therefore, the best matching be-
tween the model and the data occurs for xx1 = .
This means that there is no reason to expect that an 
erratic estimation of the dielectric permittivity of 
the soil reverses on the horizontal localization. In-
stead, with respect to the vertical localization, if we 
call sw  the quantity sw  evaluated in correspon-
dence of the estimated (erratic) value of the permit-
tivity, the result of the inversion is driven by the 
best matching between the two functions 

( )( )1ss z)u(w(u)wjexp ′+  and
( )( )z)u(w(u)wjexp ss

′+ . It is evident that the dif-
ference between the functions sw  and sw , evalu-
ated in correspondence of two different values of 

rε , shall have to be compensated by a difference 
between 1z  and z , i.e. it will provide an erratic 
evaluation of the depth of the point-like object. It is 
also evident that the depth of the scattering object 
tends to be underestimated if the permittivity is 
overestimated and vice versa. With regard to this 
specific aspect, an inverse scattering algorithm is 
affected in a way similar to that of a classical GPR 
data processing. Moreover, by regarding a more 
general macroscopic object as the superposition of 
elementary point-like scatterers, we can foresee 
that the object is not horizontally deformed but is, 
likely, slightly vertically deformed because of a 
sort of “inverse proportionality” between the re-
trieved depth and some averaged value of the func-
tion ( ) ( )uwuw ss

′+ , which is slowly varying vs. 
the dielectric permittivity (as a square root). 

Finally, a wrong value of the permittivity of the 
host medium assumed in the model alters the esti-
mation of the function ( )u,uf ′ . However, as it can 
be understood from eq. (6), this effect is expected 
weak because the numerator in eq. (6) depends 
linearly on rε  (contained in the wavenumber ks)
and the denominator depends “asymptotically line-
arly” on rε  (contained in the functions ws). More-
over, this alteration partially reverses in the estima-
tion of the level 1oχ , which is less important with 
respect to the other two parameters

2
.

                                                

2 Usually, in GPR applications the model error and the fil-

tering characteristics of the operator prevent from a correct 

reconstruction of the level of the contrast, which is therefore 

an illusory problem in most cases.  
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5 NUMERICAL EXAMPLES 

In this section we show some numerical examples 
of profile reconstruction assessing the above theo-
retical expectations. The inversions are performed 
by means of the SVD of the matrix resulting form 
the discretization of the linearized scattering opera-
tor. The discretization is performed by making use 
of the Method of Moments (MoM), and in particu-
lar by imposing a point matching. The data are 
computed according to the linear model of the scat-
tering and are corrupted by a gaussian and white 
noise and the Signal to Noise Ratio (SNR) is 20 
dB. The solution is regularized (as needed) by 
thresholding the singular values at –20 dB (Bertero 
& Boccacci, 1998). 

The investigation domain is a square of 1.5x1.5 
m

2
 and starts from the depth of 20 cm. The relative 

dielectric permittivity of the soil is 9b =ε  and the 
electrical conductivity is 02.0b =σ S/m. The ob-
servation region is at quote 1 cm and extends from 
the abscissa –0.8 m up to the abscissa 0.8 m. Along 
this observation region, 17 sources are equally 
spaced with a spatial step of 10 cm. For each loca-
tion of the source, the scattered field data are gath-
ered in 17 equally spaced positions, coincident 
with those of the considered sources. The sources 
radiate in a band ranging from 200 MHz up to 500 
MHz, with a step of 60 MHz. The reconstruction 
of a square scattering object is considered; the ob-
ject has a relative permittivity of 12 and a conduc-
tivity of 0.02 S/m. It is sized 0.3x0.3 m

2
, the ab-

scissa of its centre is 0.4 m and the depth of its 
centre is 0.8 m. Two different sources are consid-
ered. The first one is a filamentary current, charac-
terised by a plane wave spectrum  

( ) ( )uw
uE

o

T

1=
 (15) 

The second one is a horn-like source, character-

ised by the plane wave spectrum 

( )

( )dxjuxexp
R2

x
Rjkexp

A2

x
cosuE

2

o

A

A

T

−+−×

×π=
−

 (16) 

The plane wave spectrum of eq. (16) represents 
the two-dimensional “version” of a horn, where 2A 
is the size of the aperture and R is the length of the 
horn (Collin, 1985). In the example presented here, 
we have put A=45 cm and R=1 m, that are typical 
for the horns adopted in the band of frequencies 
under consideration.

Fig. 4 depicts the reconstruction obtained with 
the filamentary current. Fig. 5 depicts the recon-
struction of the same object of fig. 4 with the horn 

like source. The comparison between the two re-
constructions of fig. 4 and fig. 5 outlines a loss of 
horizontal resolution for the horn-like source, co-
herently with the theoretical expectations. 

Finally, let us consider the effect of the uncer-
tainties in the knowledge of the radiating proper-
ties of the source and of the dielectric properties of 
the host medium. 

Figure 6 depicts the reconstruction with an er-
ratic estimation of the plane wave spectrum of the 
source. In particular, the scattering operator is built 
up pretending that the source is the current fila-
ment instead of the “actual” 2D horn. It can be 
seen that the uncertainty about the knowledge of 
the spectrum reflects on the localization of the ob-
ject, which results incorrect. 

In order to show the effects foreseen with re-
gard to the uncertainty in the knowledge of the 
characteristics of the soil, the reconstruction of the 
same object with an erratic estimation of the per-
mittivity of the soil is depicted in fig. 7. The recon-
struction of fig. 7 is performed with a linearized 
scattering operator evaluated in correspondence of 
a relative permittivity of the soil estimated equal to 
5 rather than its actual value, which is 9. The 
source exploited is the 2D horn, with regard both 
to the synthesis of the data and of the model. It can 
be seen that there is a shift of the reconstruction 
toward the depth, coherently with the fact that the 
premittivity of the soil is underestimated. From the 
examination of figs. 6 and 7, a shift of the recon-
structed object can be noted in both of them. In fig. 
7, moreover, also some deformation along the 
depth can be appreciated, coherently with the con-
siderations of section 4. Finally, the reconstruction 
of fig. 7 appears someway blurred with respect to 
that of fig. 6 and an artefact appears too.
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Figure 4. Reconstruction with a filamentary current both in 
the model and in the data. 
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Figure 5. Reconstruction with a 2D horn both in the model 
and in the data. 
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Figure 6. Reconstruction with a filamentary current in the 
model and a 2D horn in the data. 
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Figure 7. Reconstruction with εb=5 in the model and εb=9 in 
the data. 

6 CONCLUSIONS 

In this paper the role of the radiating properties of 
the transmitting antenna and the effect of an incor-
rect knowledge of its radiation characteristics, as 
well as the effect of an incorrect knowledge of the 
permittivity of the soil have been examined with 
regard to the reconstruction obtainable via an in-
verse scattering algorithm applied on GPR data. 
The analysis have been performed in a two-
dimensional scalar geometry and in the framework 
of the Distorted Born Approximation. It has been 
shown that the more immediate effects of these un-
certainties are shifts of the reconstruction. Defor-
mation effects can be present too, particularly evi-
dent in the case of errors on the permittivity of the 
soil.
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