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ABSTRACT: Imaging and sensing technologies are constantly evolving so that, now,
the latest generations of satellites commonly provide with earth snapshots at very short
sampling periods (daily images). It is unquestionable that this tendency towards
continuous time observation will broaden up the scope of remote sensing activities: not
only will it enable real-time detection of abrupt changes (e.g. forest fires, natural
catastrophes) but also it will allow for accurate estimation of slowly varying trends
(urban growths, desertification). Inevitably also, such increasing amount of information
will prompt methodological approaches that combine spatial image processing with
time series analysis. In the present study, we propose a consistent, while very simple,
mathematical model to fit intra-annual reflectance time series. It is a parsimonious
parametric model corresponding to the nonlinear harmonic solution of a chaotic
attractor. The linear component reflects the specific seasonal periodicity associated to
any given land cover, while the nonlinear part allows reproducing waveforms exhibiting
possible non-symmetries, phase shifts or amplitude modulations. To support adequacy
of our model, we report on a land cover classification task based on weekly composite
multi-spectral reflectance images acquired by MODIS sensor at a 500m nominal
resolution. For different combinations of the available spectral bands and dates, we
show that using raw measurements or model-based synthesized data, yields similar
classification performances, demonstrating thus good agreement between our nonlinear
model and reflectance time series.

1 INTRODUCTION

Access to massive data sets is a direct consequence of constant technological advances
achieved in all scientific areas. In aerospace, satellites become less and less expensive to
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built and to launch; radiometry benefiting from nanotechnologies provides us with
sensors of increasing sensitivity and resolutions; computer science develop real-time
algorithms and wideband communication networks which combined together have
considerably shortened the processing times; at the same time, storage capacity seems to
face no more limits. . .

In order to efficiently exploit this resulting amount of information, it is necessary to
adopt a methodological approach to extract pertinent features from noninformative
noise and redundant observations.

The present study is part of a more general work that aims at understanding and
appraising the usefulness of multi-temporality in land cover classification from multi-
spectral satellite images. In a previous article [Gonçalves et al. (2005)], we
demonstrated that not all the land cover classes were best identifiable at the same
time. We then determined for each class, a preferential date of the year motivating this
way the necessity of multi-temporal information and prompting the use of images time
series rather than just single date images (see also [Laporte et al. (1998), Vieira et al.
(2001), Maxwell et al. (2002), Duong(2004)] for different approaches). Later, in a series
of companion papers [Carrao et al. (2006a), Carrao et al. (2006b)], we performed a
systematic ranking in terms of classification performances, of all possible dates
combinations among a set of twelve selected monthly images. Using data acquired by
MODIS or MERIS sensors, we were able to compare information carried by spectral
richness with information brought by temporal diversity. In the sequel, we measured the
gain obtained when combining multi-spectral with multi-temporal features.

In this article, we pursue the exploitation of multi-temporal images and investigate a
mathematical function to methodically describe the intra-annual evolution of the
reflectance – or any vegetation index – measured at a pixel (in the sequel, by analogy with
medical imaging, we shall refer to these time series as voxels). We sought for a simple
parametric model that is sufficiently parsimonious to concentrate all time information into
a small set of pertinent parameters, but versatile enough to reproduce most observed
profiles. The rationale of our approach can be summarized in three points:

1. Robustness — Parametric models are reasonably insensitive to additive noise in
measurements;

2. Compactness — Inter-annual variations of reflectance and vegetation indices are
normally cyclo-stationary processes with strong correlation. Parametric models
reduce a redundant sequence of samples to a parsimonious set of descriptors;

3. Curse of dimensionality — In most machine learning classifiers there exist a
trade-off between the searching space dimension and the number of classes to be
differentiated. Parametric models perform a dimension reduction (similar to
factorial discriminant analysis) to meet this trade-off and optimize classification
performances.

2 DATA AND STUDY AREA

The study area is the entire Portuguese continental territory. Our study relies on the
MOD09A1 product, an 8 days composite of surface reflectance images, freely available
from MODIS Data Product web site (http://modis.gsfc.nasa.gov). We considered a full
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year observation period from February 2000 to January 2001 (43 images). Surface
reflectance measured within seven disjoint spectral bands (see Figure 1) were used and
imaged at a nominal spatial resolution of 500 meters. Moreover, two vegetation indices
(Normalized Difference Vegetation Index -NDVI; Enhanced Vegetation Index – EVI)
were also calculated for each date and used as input information for land cover
classification. CORINE Land Cover 2000 cartography (Instituto do Ambiente, 2005),
derived from visual interpretation of LANDSAT ETMþ data, was used as auxiliary
data to select the learning set. Each sample of this working set is a vector lying in the
nine dimensional space [0,1]7� [�1,1]2, and corresponds to a pixel covering a
500m-by-500m area in the composite images.

Nine Land Cover classes were defined according to the CLC2000 nomenclature.
These classes received the following designations: Water areas (WB), Urban areas (U),
Bare soils (B), Natural grasslands (Ng), Shrublands (S), Needle leaf forests (Nf), Broad
leaf forests (Bf), Non irrigated (NIl) and Irrigated lands (Il). For each of these classes a
set of respectively 40, 16, 40, 27, 18, 55, 52, 59 and 47 samples was uniformly collected
over the mainland territory.

Although we used weekly composite images, it is not rare that, for instance, a
residual cloud occluding a pixel produces an abnormally high reflectance measure (see
Figure 2). It is therefore essential to remove these aberrant measures from the time series
before performing any functional modeling. Like a Poisson point process, these events
are by nature well localized in time and appear at random instants. An efficient and

Figure 1. Spectral bands (wavelengths) corresponding to the first seven channels of Modis

sensor.
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Figure 2. Typical time series corresponding to the annual evolution of reflectance in a pixel

area. Crosses correspond to the raw observed data. Dots show the same time series after

applying two different denoising techniques: (a) Moving median filter – (b) Soft thresholding of

a time-shift invariant wavelet decomposition.
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simple way to denoise the signals is then to apply a short-time median filter to the
observations. Figure 2-a) shows the result obtained on a representative time series
(reflectance variations in band B1, for a pixel of class NIl). An equivalent six weeks
window length was used. For comparison purpose, the plot in figure 2-b) presents
another widely used denoising technique based on wavelet coefficient thresholding
[Mallat(1999)]. Clearly though, the peculiar nature of the noise turns this latter not so
appropriate to remove punctual outliers.

Consequently, we apply the median filter to all time series of our data set and present
in Figure 3 the mean profiles obtained by averaging all voxels of a same land cover class
and of a same type. Except for the Water areas class whose voxels remain relatively
constant, all plots clearly show a coherent one-year period oscillation. We should stress
also that classes differ by the amplitudes and the phases of these oscillations, but also by
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Figure 3. Time evolution of reflectance (in each spectral band) and vegetation indices, over a

one-year period (2000). Each profile corresponds to the averaged response of all sample time

series belonging to the same land cover class. Blue (~) corresponds to Water areas - brown
(*) to Natural grasslands – light green (þ ) to Broad leaf forests – gray (!) to Bare soils –
green ($) to Shrublands – dark green (.) to Needle leaf forests – orange (�) to Irrigated
lands – yellow thick line to Non irrigated lands – red dashed line to Urban areas.
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the non-symmetric shapes of the waveforms. For this reason, an acceptable model will
have to go beyond linear harmonic systems to correctly match the data.

3 MODEL

3.1 Definition

The model we propose is a trigonometric function that describes the nonlinear harmonic
solution of a chaotic attractor [Barnsley(1988)],

syðtÞ ¼ mþ A cosðo0t þ Fþ a cosðo0t þ cÞÞ: (1)

Essentially, it is a sinusoidal model with an a priori fixed annual pulsation o0 ¼ 2p=365
rad. per unit time (i.e. a one-year period) and a non linear phase term. In words, the non
linear phase a cosðo0t þ cÞ plays the role of a time warping (acceleration/deceleration) to
cope with the different speeds in phenological changes (growths, cuts, harvests,. . .).

More precisely, each component of the meta parameter y ¼ fm;A;F; a;cg has a
specific action on the model response:

m is a constant offset that represents the annual mean of the modeled variable;
A is the oscillation amplitude that fixes the maximum deviation of the voxel;
F is the annual phase that allows to reproduce the specific seasoning of a given land

cover class;
a controls the nonlinear strength. When a ¼ 0, the model reduces to a linear harmonic

oscillator, whereas a > 0, introduces non-symmetry in the waveform;
c is the non linear term phase that defines the type of non-symmetry to plug in the

model. Let us consider for example, the EVI profiles of figure 3. The ‘‘NIl’’ class
remains at a low index for a long period (dryness), meaning that time has to slow down
during summer time. In contrast, for ‘‘Il’’ class, time has to accelerate to reproduce
the sharp decrease of EVI in August (harvest).

The plots of figure 4 illustrate some of the parameter’s effect and demonstrate the
extraordinary versatility of our model. In particular, when a > 1, the chaotic nature of
the function (1) is responsible for period-halving bifurcations. Hence, although the main

=∆ π/ =∆2 −π/ =∆0=∆2 π

Jan Mar May Aug Oct DecJan Mar May Aug Oct DecJan Mar May Aug Oct DecJan Mar May Aug Oct Dec

Figure 4. Plots of model (1) for different values of the phases difference (D ¼ F� c) and

different values of the non linear index a. Thin lines correspond to a ¼ 0, thick lines to a ¼ 1,

and dashed lines to a ¼ 0:25, a ¼ 0:5 or a ¼ 0:75. When a > 1 (dotted lines), the model is able

to produce period-halving bifurcations that can possibly account for higher frequency

phenomena (e.g. bi-annual harvests).
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phenomenological period was set to one year, it is still possible with this model to
reproduce local oscillations that could either be due to specific phenology types (e.g. bi-
annual harvests) or to artificial land cover changes (e.g. urbanization).

3.2 Identification

Given a time series observation x ¼ fxðtiÞ; i ¼ 1; . . . Ng� in our case a voxel after median
filter denoising – we want to find the best approximation sy ¼ fsyðtiÞ; i ¼ 1; . . . Ng in a
maximum likelihood sense. To this end, we assume the following observation model

x ¼ fxðtiÞ ¼ syðtiÞ þ wðtiÞ; i ¼ 1; . . . Ng; (2)

where w is a stationary zero-mean gaussian noise of unknown variance s2
w. Under the

hypothesis of independent noise samples, EwðtiÞwðtjÞ ¼ s2
wdi; j, the likelihood function

reads

f ðxjsyÞ ¼ ð2ps2
wÞ
�N

2 exp � 1

2s2
w

XN

i¼1

ðxðtiÞ � syðtiÞÞ2
( )

: (3)

and the maximum likelihood estimate

ŷML ¼ arg max
y

f ðxjsyÞ ¼ arg max
y

log f ðxjsyÞ

¼ arg min
y

XN

i¼1

ðxðtiÞ � syðtiÞÞ2 ¼ arg min
y
jjx� syjj2l2 ;

(4)

is solution of the system obtained by differentiating the above l2-norm jjx� syjj2l2 with
respect to each component of y and equalling the results to zero. However, because of
the harmonic functions defining the model (1), we are led to a system of non-linear
equations that we can not solve analytically. Failing a close form for byML, we resort to a
numerical optimization to find an approximate solution ŷ. The problem may be non
convex, so in practice we initialize the solving routine with heuristical initial guesses:

m̂0 is set to the empirical median of x, i.e. ðmaxfxðtiÞg þminfxðtiÞgÞ=2;
Â0 is set to the deviation of x, i.e. ðmaxfxðtiÞg �minfxðtiÞgÞ=2;
F̂0 is initialized to the offset coefficient obtained when a linear regression is performed

on the unwrapped phase of x. The difference between the unwrapped phase and its
linear fit is an estimate of the non linear phase term;

â0 is set to the maximum deviation of the non linear phase term estimate;
ĉ0 is set to the linear regression offset obtained when linearly fitting the unwrapped

phase of the non linear phase term estimate.

We ran this estimation procedure on all the samples of our data set, and for more than
90% of the cases, the algorithm converged to a stable solution in less than 10 iterations
(and never exceeded 100 iterations).
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3.3 Goodness of fit

The plots of Figure 5 clearly permit to visually appraise the good agreement between our
functional model and the observed time series. The good fit achieved with four typical
examples (recalling the theoretical templates of Figure 4), demonstrates the great
flexibility of the proposed model and proves the pertinence of non linear phases.

More formally, we compute for each time series of our data set, the normalized mean
square error (NMSE), jjx� sŷML

jj2l2=jjsŷML
jj2l2 , a standard geometric criterion to evaluate

the goodness of fit. Table 1 gives the global NMSE (averaged NMSE per class and per
band). In a large majority of cases, errors are inferior to 1%. Noticeably though, most
large NMSEs correspond to the Water area class. Then, a closer view at the
corresponding time series shows that the model failed at matching the data, either
because the median filter was unable to correctly remove all aberrant measures, or
because the reflectance variations are too small (inferior to the quantization step) and
remain hidden beneath an impulsive and non-harmonic quantization noise.

Table 1. Normalized mean square error between the original time series (median filtered) and the
corresponding fitted model of Eq. (1). Values correspond to class averaged NMSEs.

MSE (%) B1 B2 B3 B4 B5 B6 B7 NDVI EVI

Water areas 3.08 3.30 0.29 0.49 2.16 0.88 1.18 18.45 16.79
Natural grasslands 0.14 0.05 0.16 0.07 0.03 0.06 0.14 0.23 0.21
Broad leaf forests 0.64 0.04 1.07 0.36 0.08 0.13 0.22 0.12 0.04
Bare soils 0.13 0.05 0.24 0.10 0.06 0.05 0.17 0.47 0.16
Shrub lands 0.12 0.04 0.15 0.08 0.03 0.04 0.09 0.07 0.05
Needle leaf forests 0.31 0.04 0.50 0.20 0.04 0.09 0.16 0.08 0.02
Irrigated lands 0.52 0.14 0.45 0.18 0.06 0.15 0.59 0.41 0.44
Non irrigated lands 0.42 0.12 0.38 0.17 0.07 0.12 0.28 0.70 0.73
Urban areas 0.11 0.05 0.11 0.08 0.04 0.06 0.12 0.10 0.06
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Figure 5. Four examples of characteristic intra-annual responses (dashed line) and their fitted

model (continuous line). Signals are artificially periodized over two years in order to emphasize

the non-linear oscillations. Display (a) represents the reflectance variations in spectral band B2

for a sample (voxel) of the class ‘‘Irrigated lands’’ – (b): reflectance variations in spectral band

B2 for a voxel of the class ‘‘Shrublands’’ – (c): reflectance in spectral band B4 for a voxel of the

class ‘‘Water areas’’ – (d): NDVI changes for a voxel of the class ‘‘Needle leaf forest’’.
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As land cover classification was our first motivation for deriving a model that would
match reflectance time series, we need to validate the mathematical model expressed in
(1) from an information perspective. That is why we trained and then tested two Support
Vector Machines [Vapnik(1998), Cristianini and Shawe-Taylor(2000)], one with the
original data, and the other with the modeled time series, using each time a cross
validation procedure. Unexpectedly, for both trials, we obtained the exact same
classification performances that we reported in Table 2. Surprisingly also, we noticed
that we could even interchange the algorithms (i.e. learn a machine from one data set and
test it on the other) without altering significantly the classification results. All this leads
us to the conclusion that the fitted form (1) holds the exact same amount of information
as the raw time series, and that our model is well adapted at reproducing reflectance and
vegetation index time series.

4 CONCLUSION AND OPEN QUESTIONS

We have proposed a parametric function to model the time evolution of reflectances and
vegetation indices for several land cover types. The proposed model is simple (only five
parameters), remarkably flexible and easily identifiable.

Yet, as we already mentioned, classification was a first preoccupation towards this
work. Our idea was to reduce the full time information (i.e. one image per date) down to
a parsimonious set of relevant parameters to prevent the curse of dimensionality that
penalizes most machine learning classifiers. After we validated the model, as presented
in section 3.3, we trained and tested a new SVM algorithm with the estimated model
parameters directly. To our surprise, we obtained a classification performance that was
significantly worse when compared to the class loss of Table 2. We invoke two possible
explanations for this deceiving result: Firstly, we used SVM that are known to be quite
immune to the feature space dimensionality. Therefore, applying a dimension reduction
appears totally useless in this framework. Secondly, the two phase parameters F and c

Table 2. Classification performances using a SVM classifier with inputs either the measured
annual time series (reflectance for all spectral bands plus two vegetation indices), or the
corresponding fitted model of expression (1). Both inputs yield the exact same results.

W Ng Bf B S Nf Il NIl U User’s
accuracy (%)

W 40 0 0 0 0 0 0 0 0 100
Ng 0 6 0 2 4 0 0 4 0 37.5
Bf 0 0 38 0 0 2 0 0 0 95
B 0 1 0 18 1 0 1 0 6 66.7
S 0 2 3 4 7 1 1 0 0 38.9
Nf 0 0 2 0 0 53 0 0 0 96.4
Il 0 0 1 0 0 0 51 0 0 98.1
NIl 0 0 0 0 0 0 1 58 0 98.3
U 0 0 0 0 0 0 0 0 47 100
Producer’s
accuracy (%) 100 66.7 83.4 75 58.3 94.7 94.4 93.6 88.7 —
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of the model are periodic variables that lie on the unit circle, and any classifiers that rely
on an Euclidean distance (such as SVM) will irremediably fail at comparing non
standard metrics. In a future work, we foresee to adapt SVM to cyclic norms.

Finally, aside classification, there exist many other earth monitoring activities that
should also profit from theoretical profile models. For example, continuous time
observation to detect abrupt changes (forest fires, cuts, natural catastrophes. . .), could
employ predefined time series models as reference patterns to rapidly spot sudden
deviations of the real data.

We believe that time series imaging is a great stake in earth monitoring, and there is
no doubt that theoretical models must accompany this challenge.
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