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Abstract. TerraSAR-X is a modern satellite SAR sensor offering various new 
possibilities for Earth Observation. The accurate direct georeferencing is among 
the key characteristics of the sensor. The TerraSAR-X data is accompanied by 
accurate science orbit data and other metadata which allow the computation of 
the 3D-2D projection transformation between the 3D object space and the 2D 
SAR image space without the need to employ ground control information. In or-
der to project an arbitrary 3D point on the 2D SAR image, the position and veloci-
ty of the sensor at the time of the point acquisition must be computed. The orbit is 
provided as the position and the velocity vectors of the sensor for 12 time 
stamps. In order to compute the position and the velocity at arbitrary time (at 
point acquisitions) an interpolation must be used. The whole SAR image is ac-
quired between 2 of the time stamps. Thus, the interpolation may be computed 
using 2 or more of the 12 time stamps. In this paper we study the performance of 
various interpolation methods: Linear interpolation, cubic interpolation, Lagrange 
polynomial interpolation, Trigonometric interpolation and Chebyshev interpola-
tion. The interpolation schemes are tested with various TerraSAR-X data all over 
the world.  
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1. Introduction 

TerraSAR-X is an Earth observation satellite constructed under a public-private partnership be-
tween the German Aerospace Center (DLR) and EADS Astrium. It was launched in 2007 from the 
Baikonur cosmodrome [1]. The TerraSAR-X satellite carries a SAR sensor which co-operates with 
an identical SAR sensor on board the TanDEM-X satellite, in order to collect radar data for the 
computation of an updated global DEM [2]. TerraSAR-X collects radar images with various stand-
ard and experimental imaging modes and with a resolution which varies from a few centimeters to 
a few meters [3]. The high resolution SpotLight imaging modes of the sensor and the accurate orbit 
data provided by the operator are considered to be key characteristics for the exploitation of satel-
lite SAR data for topographic applications. 

The orbit of the satellite is sun-synchronous at 515 Km, with 11 days repeat period and 15.2 
orbits per day. The satellite carries two GPS receivers: a single-frequency (MosaicGNSS) receiver 
and a dual-frequency (IGOR: Integrated Geodetic and Occultation Receiver) receiver. The single-
frequency receiver is used for navigation purposes. The dual-frequency receiver, along with the 
other parts of the TOR (Tracking, Occultation and Ranging) instrument is used for the determina-
tion of the orbit for scientific purposes [4]. Four different orbit types are provided by the operator of 
the sensor: 1) the Quicklook, 2) the Predicted, 3) the Rapid and 4) the Science [5]. The orbital path 
is provided with a nominal accuracy of 0.20 m with the Science orbit type. The Science orbit data is 
provided as the position and the velocity vectors of the sensor for 12 time stamps [6]. The time in-
terval between two time stamps is 10 seconds. 

The science orbit data combined with other metadata provided by the operator of the sensor, 
can be used to recover the 3D-2D projection transformation between 3D object space coordinates 
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and the not geometrically corrected slant range (SSC) TerraSAR-X image, without using any kind 
of ground control information [7]. The projection of an arbitrary 3D point to the TerraSAR-X image 
requires the position and velocity of the sensor at the time of the point acquisition. As the acquisi-
tion of a High Resolution SpotLight (HS) TerraSAR-X image lasts less than 1 second, and it is 
completely encompassed by the two time stamps, an interpolation must be used. 

The performance of orbit interpolation methods has been studied for GNSS orbits [8, 9]. In this 
paper the performance of various interpolation methods for the satellite TerraSAR-X sensor is 
studied. This paper is organized as follows: The next section presents and discusses various orbit 
interpolation methods such as the linear interpolation, the cubic interpolation, the Lagrange poly-
nomial interpolation, the Trigonometric interpolation and the Chebyshev interpolation. The orbit in-
terpolation methods are then applied to various TerraSAR-X images all over the world and the 
computed results are discussed. The last section of this paper presents the conclusions of the pre-
sent study and proposes issues for further research. 

2. Orbit interpolation methods 

2.1. Linear interpolation 

The linear interpolation assumes that the orbit of the sensor between two time stamps can be ap-
proximated by a straight line segment: 
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The 6 unknown parameters can be easily computed using the position of the sensor at 2 time 
stamps which encompass the duration of the image acquisition [7]. 

2.2. Cubic interpolation 

The cubic interpolation assumes that the orbit of the sensor between two time stamps can be ap-
proximated by a cubic spline: 
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The 12 unknown parameters can be easily computed using the position and the velocity of the 
sensor at the 2 time stamps which encompass the duration of the image acquisition. The method 
can also be applied with n>2 time stamps, where the optimal values of the 12 unknown parameters 
are computed with LSA [7]. If n<12 then care should be taken to ensure that the time image acqui-
sition is about the middle of the n chosen time stamps. Cubic interpolation has the advantage that 
it does take the available sensor velocities into account. 

2.3. Lagrange interpolation 

The Lagrange (or Netwon or polynomial) interpolation assumes that each coordinate of the orbit of 
the sensor between can be approximated by a polynomial of n-1 order, using n (2≤n≤12) time 
stamps: 
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and similar formulas are valid for PY(t) and PZ(t). The polynomials are evaluated using Neville's al-
gorithm [10]. If n<12 then care should be taken to ensure that the time image acquisition is about 
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the middle of the n chosen time stamps. For n=2 the Lagrange interpolation is identical to the linear 
interpolation. The Lagrange interpolation is numerically unstable because it is based on the com-
putation of subtractions which degrade the precision of the numerical computations. Single preci-
sion floating point arithmetic (6-7 significant digits) yield gross error near the two ends of the inter-
polation, especially if the known time stamps are not equidistant. However, for the double precision 
floating point arithmetic (15 significant digits) and the equidistant time stamps of this paper, La-
grange interpolation is well behaved.  

2.4. Trigonometric interpolation 

The trigonometric interpolation assumes that each coordinate of the orbit of the sensor between 
can be approximated by (2) where each of the PX(t), PY(t), PZ(t) functions is approximated by N si-
ne and cosine terms: 
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where the coefficients ai, bi are computed using the LSA with n=12 time stamps. There are 2N+1 
unknown coefficients for each dimension (coordinate) and n known time/coordinate pairs. Thus: 
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After the computation of the coefficients, (3) can be evaluated as is, or with a smaller number of 
terms M<N, which leads to less computational cost but reduced accuracy: 
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In this paper (3) is evaluated as is. Since n=12, the max number of terms is N=5 and the number of 
cosine and sine terms can be 1≤N≤5. It should be noted that all time stamps are taken into account 
in the LSA, regardless of the value of N. Furthermore, the coordinates of the sensor are normalized 
to the range 0-100 before they are applied to the trigonometric interpolation. 

2.4.1. Determination of period for non-periodical functions 

The trigonometric interpolation of equation (3) is valid for periodical functions of known period T. 
For non-periodical functions the period T should be large enough so that none of the sine or cosine 
terms repeats itself, for the whole range of interpolation time: 

maxtt0       , sec110)1n(10tmax   

where tmax is the maximum interpolation time or the time of the 12th time stamp. Thus the implied 
angle in (3) should be always less than 2π: 
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It suffices to ensure that (4) holds for the maximum angle: 
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Equation (5) does not specify a value for T as long as it is greater than N tmax. Obviously T can not 
be much larger, as this would degrade the accuracy of the interpolation. We observe that (5) can 
be written: 
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Thus since φmax<2π a logical value for φmax is φmax=2π-Δφ. Thus: 
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2.4.2. Comments on the period 

Equation (7) ensures that the implied angles of all the terms of (3) are less than 2π and thus none 
of the terms are periodical. However, the first few terms of (3) and especially the very first term: 

t
T
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has an angle which takes small values since T is very big. This means that the first term is approx-
imately constant, and since there is already a constant term in (3) (the a0 coefficient), the first term 
contributes little to the accuracy of (3). In other words (3) has less terms and thus lower accuracy. 
From this point of view the angle of the first term should span the range [0,2π], or equivalently the 
period T should be just a little greater than tmax. Somewhat arbitrarily a small period is defined as: 
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Tm essentially simulates a non-periodical function f(t) as periodical function P(t), whose period is 
just a little larger than the maximum time tmax of f(t): 

 

Figure 1: A non-periodical function f(t) simulated by a periodical function with small period Tm.  

On the other hand, T of equation (7) provides a large margin between the repetitions of f(t). Thus 
the interaction of two adjacent repetitions of f(t) is minimised. 

 

Figure 2: A nonperiodical function f(t) simulated by a periodical function with large period T.  

Experimental results show that Tm yields poorer results than T. 

2.5. Chebyshev interpolation 

The Chebyshev interpolation assumes that each coordinate of the orbit of the sensor between can 
be approximated by (2) where each of the PX(t), PY(t), PZ(t) functions is approximated by the sum 
of N Chebyshev polynomials: 
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where )'t(Ti  is the Chebyshev polynomial of degree i, and: 
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The independent variable t' of the Chebyshev polynomials takes values in the interval [-1,1] while 
time t takes values in the interval [0, tmax] and thus a change of variable is necessary: 
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The remarkable property of the Chebyshev interpolation is that (8) may be computed with a smaller 
number M<<N of terms (Chebyshev polynomials) and lose accuracy very gracefully: 
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In practice the coefficients cj of (9) are computed with a large N (for example 30), and the accuracy 
of (12) is computed for several values of M<N. Finally (12) is evaluated for the smallest number 
M<N for which the accuracy is enough. 

Chebyshev interpolation demands that the orbit coordinates are known for the specific values 
of the independent variable t' shown in (10), translated to time t by (11). Unfortunately the orbit co-
ordinates are known for time t=0, 10, 20, …, 110 sec. It is thus necessary to use another, accurate, 
interpolation to compute the orbit coordinates at the specific values of (10). As it is shown in the 
next section, the most suitable is the cubic interpolation of (1) using two time stamps. For each 
value of (10) translated to time t by (11), the two time stamps which encompass t are used for the 
cubic interpolation. 

3. Results 

3.1. Data sets 

The above mentioned orbit interpolation methods were applied to 3 High Resolution SpotLight (HS) 
slant range (SSC) TerraSAR-X images. The first image is over Europe, the second over North 
America and the third over Australia. In all images the Science orbit data is provided as the posi-
tion and the velocity vectors of the sensor for the interval [0, tmax=110] sec, in the form of 12 time 
stamps with time step 10 sec. Each one of the interpolation schemes of the previous section was 
applied for the whole interval [0, tmax].  

3.2. Application 

For the linear and the cubic interpolation, a separate interpolation function was computed for each 
interval of adjacent time stamps (1-2, 2-3, …, 11-12). In the case of n-stamp cubic interpolation 
(n>2), the n surrounding time stamps for every interval was used. For example, in order to com-
pute 6-stamp cubic interpolation for the interval 7-8, the sensor positions and velocities of the 5, 6, 
7, 8, 9 and 10 time stamps were used. 

On the other hand, for the Lagrange, trigonometric and Chebyshev interpolation, one interpola-
tion function was computed for the whole interval [0, tmax]. The Lagrange interpolation was comput-
ed using the sensor positions of 2, 4, 6, 10 and 12 time stamps, symmetrically taken around the 
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time of the SAR image acquisition (approximately tmax/2). The trigonometric interpolation was com-
puted using the sensor positions of all 12 time stamps, with 1, 2, 3, 4 and 5 trigonometric terms. 
Finally the Chebyshev interpolation was computed using the sensor positions of all 12 time 
stamps, with 1, 2, 3, 4, 5, 7, 10 and 20 terms (Chebyshev polynomials). 

3.3. Evaluation 

The interpolation functions were used to obtain the position of the sensor at the 12 time stamps for 
every 10 sec. The RMSEorbit between the interpolated and the known positions was computed. The 
interpolation functions were also used to obtain the position of the sensor for every 0.1 sec in the 
interval [0, tmax], except for the Lagrange interpolation where the interval is limited to the number of 
time stamps used to compute the interpolation. The computed positions were compared to the 2-
stamp cubic interpolation, and the RMSEcubic between the two interpolations was computed. The 2-
stamp cubic interpolation has the advantage that it utilises both the known positions and the known 
velocities of the sensor, and it gives virtually identical results with the LSA based, 4-stamp cubic 
interpolation and almost all of the other interpolation methods. Thus the 2-stamp interpolation is a 
good meter of the accuracy. The RMS errors of each interpolation function are shown in Tables 1-4 
and are discussed in the following subsections. 
A general note for the three TerraSAR-X images used in this study is that the RMS errors are very 
similar, despite the fact that the three images were collected at different times and cover very dif-
ferent places of Earth’s surface. In the authors’ opinion, this is a strong evidence that the orbit of 
the TerraSAR-X satellite is stable and that the computation of the time stamps by the operator is 
quite rigorous.  

Table 1. The RMSE of the linear and the cubic interpolation methods. 

Interpolation 
Inter-
val 

(sec) 

Time 
stam
ps 

Sepa-
rate 
func-
tions 
(time 

stamps) 

Term
s 

Europe North America Australia 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

Linear 0-110 12 Yes(2) - 0.000 78.6 0.000 78.6 0.000 78.3 

Cubic-2 0-110 12 Yes(2) - 0.000 - 0.000 - 0.000 - 

Cubic-3 LSA 0-110 12 Yes(3) - 0.000 0.003 0.000 0.003 0.000 0.003 

Cubic-4 LSA 0-110 12 Yes(4) - 0.000 0.005 0.000 0.005 0.000 0.006 

Cubic-5 LSA 0-110 12 Yes(5) - 0.006 0.007 0.006 0.006 0.006 0.006 

Cubic-6 LSA 0-110 12 Yes(6) - 0.020 0.016 0.020 0.016 0.020 0.016 

Cubic-7 LSA 0-110 12 Yes(7) - 0.029 0.036 0.029 0.036 0.029 0.036 

Cubic-8 LSA 0-110 12 Yes(8) - 0.058 0.059 0.058 0.058 0.057 0.058 

Cubic-9 LSA 0-110 12 Yes(9) - 0.108 0.113 0.107 0.113 0.107 0.112 

Cubic-10 LSA 0-110 12 Yes(10) - 0.171 0.166 0.170 0.166 0.169 0.164 

Cubic-11 LSA 0-110 12 Yes(11) - 0.276 0.260 0.276 0.260 0.274 0.258 

Cubic-12 LSA 0-110 12 No - 0.406 0.368 0.405 0.368 0.402 0.365 

3.3.1. Linear interpolation 

The linear interpolation (Table 1), being the simplest and the less computationally intensive, can 
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not model accurately the orbital path as described by the 12 time stamps (RMSEcubic: 78.6 m). This 
result verifies the results of previous related research [7]. Linear interpolation is designed to pass 
through the known data, and thus the RMSEorbit is meaningless. 

3.3.2. Cubic interpolation 

The 2-stamp cubic interpolation was used as reference for the evaluation of the other interpolation 
schemes (section 3.3). In order to evaluate it further research using accurate check points is re-
quired. For the other cubic interpolations Table 1 shows that: 
1. The n-stamp cubic interpolations where n≤6, show quite good performance when compared to 
the 2-stamp cubic interpolation (RMSEcubic: 0.016 m) and to the provided orbit sensor positions 
(RMSEorbit: 0.020 m). 
2. The RMSE of n-stamp cubic interpolations where 7≤n≤10, is less than the nominal accuracy of 
science orbit data. However it must be noted that during periods of low solar activity, science orbit 
data of much better accuracy than the nominal one has been reported. Thus these interpolation 
schemes should be avoided. 
3. The RMSE of n-stamp cubic interpolations where n≥11, is greater than the nominal accuracy of 
science orbit data (0.20m), and should be avoided. 

3.3.3. Lagrange interpolation 

Table 2 shows that: 
1. The 2-stamp Lagrange polynomial interpolation using is identical to the linear and can not model 
accurately enough the orbital path (RMSEcubic: 78.6 m). Lagrange interpolation is designed to pass 
through the known data, and thus the RMSEorbit is meaningless. 
2. The n-stamp Lagrange polynomial interpolation where n=4, 6, 8, 10 and 12, can be used for 
modeling partially (n<12) or fully (n=12) the provided science orbit (RMSEcubic: 0.003-0.005 m).  

Table 2. The RMSE of the Lagrange interpolation method. 

Interpolation 
Inter-
val 

(sec) 

Time 
stam
ps 

Sepa-
rate 
func-
tions 
(time 

stamps) 

Term
s 

Europe North America Australia 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

Lagrange-2 50-60 2 No 2 0.000 78.6 0.000 78.5 0.000 78.3 

Lagrange-4 40-70 4 No 4 0.000 0.005 0.000 0.005 0.000 0.005 

Lagrange-6 30-80 6 No 6 0.000 0.003 0.000 0.003 0.000 0.004 

Lagrange-8 20-90 8 No 8 0.000 0.003 0.000 0.003 0.000 0.004 

Lagrange-10 10-100 10 No 10 0.000 0.004 0.000 0.003 0.000 0.004 

Lagrange-12 0-110 12 No 12 0.000 0.005 0.000 0.004 0.000 0.005 

3.3.4. Trigonometric interpolation 

Table 3 shows that: 
1. The n-term trigonometric interpolation using 12 time stamps and n=1, 2 or 3 terms can not mod-
el accurately enough the orbital path (RMSEcubic≥9.4 m and RMSEorbit≥7.9 m). 
2. The n-term trigonometric interpolation using 12 stamps and n=4 or 5 terms can be used for 
modeling the provided science orbit (RMSEcubic: 0.003 m and RMSEorbit: 0.000 m).  
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3.3.5. Chebyshev interpolation 

Table 4 shows that: 
1. The n-term Chebyshev interpolation using 12 time stamps and n=1, 2, 3 or 4 terms can not 
model accurately enough the orbital path (RMSEcubic≥0.365 m and RMSEorbit≥0.404 m). 
2. The n-term Chebyshev interpolation using 12 stamps and n≥5 terms can be used for modeling 
the provided science orbit (RMSEcubic: 0.002 m and RMSEorbit: 0.000 m).  

Table 3. The RMSE of the trigonometric interpolation method. 

Interpolation 
Inter-
val 

(sec) 

Time 
stam
ps 

Sepa-
rate 
func-
tions 
(time 

stamps) 

Term
s 

Europe North America Australia 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

Trigonometric-
1 

0-110 12 No 1 37·103 31·103 37·103 31·103 37·103 31·103 

Trigonometric-
2 

0-110 12 No 2 919 865 919 865 918 864 

Trigonometric-
3 

0-110 12 No 3 7.9 9.4 7.9 9.4 7.9 9.4 

Trigonometric-
4 

0-110 12 No 4 0.026 0.061 0.027 0.061 0.026 0.061 

Trigonometric-
5 

0-110 12 No 5 0.000 0.003 0.000 0.003 0.000 0.004 

Table 4. The RMSE of the Chebyshev interpolation method. 

Interpolation 
Inter-
val 

(sec) 

Time 
stam
ps 

Sepa-
rate 
func-
tions 
(time 

stamps) 

Term
s 

Europe North America Australia 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

RMSE
-orbit    
(10 
sec) 

RMSE
-cubic 
(0.1se
c) 

Chebyshev-1 0-110 12 No 1 265·1
03 

244·1
03 

265·1
03 

244·1
03 

265·1
03 

244·1
03 

Chebyshev-2 0-110 12 No 2 4.7·10
3 

4.4·10
3 

4.7·10
3 

4.4·10
3 

4.7·10
3 

4.4·10
3 

Chebyshev-3 0-110 12 No 3 50.9 46.9 50.9 46.9 50.7 46.8 

Chebyshev-4 0-110 12 No 4 0.408 0.368 0.407 0.368 0.404 0.365 

Chebyshev-5 0-110 12 No 5 0.005 0.002 0.005 0.002 0.005 0.003 

Chebyshev-7 0-110 12 No 7 0.004 0.002 0.004 0.002 0.004 0.002 

Chebyshev-10 0-110 12   No 10 0.004 0.002 0.004 0.002 0.004 0.002 

Chebyshev-20 0-110 12 No 20 0.000 0.002 0.000 0.002 0.000 0.002 
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4. Conclusions 

In this paper we studied the performance of various orbit interpolation methods for the accurate 
TerraSAR-X science orbit data. Various interpolation schemes were studied and details about how 
they can be applied to the present problem were discussed. The interpolation schemes were ap-
plied to, evaluated and compared using three TerraSAR-X images: one over Europe, one over 
North America and one over Australia. The main conclusions of this study are: 1) the orbit of the 
TerraSAR-X sensor is stable and it is computed rigorously by the operator, 2) the 2-stamp cubic, 
the 4-stamp cubic, the 12-term Lagrange, the 5-term trigonometric and the 5-term Chebyshev in-
terpolations are accurate and practically identical, 3) in cases that the orbit interpolation is needed 
only between 2 time stamps, which is the normal case as the whole image acquisition is between 2 
time stamps, the 2-stamp cubic interpolation is the best solution: it is accurate and less computa-
tionally intensive than other interpolation schemes, 4) in cases that the orbit interpolation during all 
12 time stamps is needed, the 5-term Chebyshev interpolation is the best as it is stable and it does 
not need normalisation. Last but not least, it should be noted that the Chebyshev polynomial with 7 
terms is proposed in the xml file which accompanies TerraSAR-X data as the interpolation method. 
This study shows that it is identical to 5-term Chebyshev interpolation and recommends it, if the 
somewhat higher computational cost is not a burden.  
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